Abstract-We introduce two generalizations of Kochen-Specker (KS) sets: projective KS sets and generalized KS sets. We then use projective KS sets to characterize all graphs for which the chromatic number is strictly larger than the quantum chromatic number. Here, the quantum chromatic number is defined via a nonlocal game based on graph coloring. We further show that from any graph with separation between these two quantities, one can construct a classical channel for which entanglement assistance increases the one-shot zero-error capacity. As an example, we exhibit a new family of classical channels with an exponential increase.
parties that wish to use a noisy classical channel to transfer information with zero probability of error. For some channels, quantum players using shared entanglement can outperform their classical counterparts. More precisely, it has been shown that entanglement can increase both the one-shot [14] and asymptotic [3] , [25] zero-error capacity. The entanglement-assisted zero-error capacity is the quantum analog of Shannon zero-error capacity, a well-studied concept in classical information theory. The entanglement-assisted zero-error capacity is known to be upper bounded by the Lovász theta number [5] , [17] , which can be computed efficiently.
It is known that KS sets are related to nonlocality (see, for example, [7] , [22] , [32] , and [33] ). In particular, a relaxation of KS sets has been shown to characterize a certain class of pseudotelepathy games [4] , [29] . These are nonlocal games that can be won with certainty by quantum players using shared entanglement, while all classical players fail with nonzero probability. A specific class of pseudo-telepathy games is based on graph coloring. Here, the advantage of entangled players is quantified by the so-called quantum chromatic number. The quantum chromatic number can also be interpreted combinatorially via a vertex labeling problem using tuples of projectors satisfying certain completeness and orthogonality constraints [15] . Remarkably, the computational complexity of the quantum chromatic number is unknown.
This study relates the aforementioned notions. It gives a description of different phenomena with the same mathematical toolbox, with potential applications in zero-error information theory such as nonclassical communication protocols [10] , quantum analogs of information-hiding methods (e.g., watermarking [24] ), and novel proof techniques for combinatorial problems either in optimization or in extremal set theory [2] .
A. Our Contribution
We introduce two generalizations of KS sets: projective KS sets, consisting of projectors, and generalized KS sets, consisting of positive-semidefinite operators. We show that projective KS sets are useful in a number of ways.
1) In Section III-A, we show how to use projective KS sets to construct classical channels for which entanglement assistance increases their one-shot zero-error capacity. This generalizes a similar construction for KS sets given in [14] . 2) In Section IV-A, we show that projective KS sets completely characterize the graphs exhibiting a separation between chromatic number and quantum chromatic number.
The characterization settles the graph-theoretic discussion 0018 -9448/$31.00 © 2013 IEEE started in [15] ; a characterization for the rank-1 case was already proposed in [31] . Interestingly, Fukawa et al. [18] observed a separation between rank-1 and general rank quantum chromatic number. Hence, the use of projective KS sets is indeed necessary for a full characterization. 3) In Section V, we show how to use graphs for which the chromatic and quantum chromatic number are different to construct classical channels with a separation between entanglement-assisted and classical one-shot zero-error capacity. This answers an open question formulated in [31] . Graphs with such separations are useful for quantifying the information-theoretic gain permitted by the use of shared entanglement. 4) In Appendix B, we show that there is a correspondence between projective KS sets and pseudo-telepathy games that can be won by quantum players using only projective measurements on maximally entangled state. This generalizes a similar result about KS sets given in [29] . It is still an open problem to find direct applications of generalized KS sets in the context of quantum Shannon theory. Throughout the paper, we assume familiarity with the basics of quantum information theory. The reader can find a good introduction in [27, Ch. 2] .
II. KS SETS

Let
. A function is a marking function for if for all orthonormal bases , we have . Gleason's theorem [20] implies that for any , there does not exist a marking function for . Bell [6] , and independently Kochen and Specker [23] , interpreted this statement in the framework of contextuality of physical theories. For this reason, this statement is also known as the (Bell-)Kochen-Specker theorem. Since then, finite sets of vectors in some given dimension giving rise to a proof of this theorem are known as KS sets.
Definition 1 (KS Set): A set of unit vectors is a KS set if there is no marking function for .
Renner and Wolf [29] considered a generalization of KS sets called weak KS sets. (Weak KS sets are also known as "totally noncolorable sets" [13] .) Intuitively, for a weak KS set, there can be marking functions, but every such function evaluates to 1 for two orthogonal vectors in the set.
Definition 2 (Weak KS Set): A set of unit vectors is a weak KS set if for all marking functions for , there exist orthogonal vectors such that . As explained in [29] , every KS set is clearly a weak KS set but the converse does not always hold. However, every weak KS set can be completed to a KS set by adding elements. Hence, a weak KS set also gives a proof of the KS theorem in some specific dimension. In fact, it is more convenient to deal with weak KS sets, since they capture the essence of KS sets and can contain fewer vectors.
A. Generalizations of KS Sets
We now define a natural generalization of weak KS sets by considering subsets of , the set of all orthogonal projectors, instead of subsets of . Although in the rest of the paper we will only deal with projective KS sets, we can further generalize weak KS sets by considering subsets of , the set of all positive semidefinite matrices.
Definition 4 (Generalized KS Set): A set is a generalized KS set if for all marking functions for , there exist for which and . Note that each set with is a POVM (where, as usual, "POVM" stands for positive operator-valued measure). Projective KS sets are a special case of generalized KS sets, because when is a set of projectors, the condition is equivalent to . KS-like sets consisting of positive semidefinite matrices have already been considered by Cabello [9] . Motivated by a recent analog of Gleason's theorem for positive semidefinite operators in two dimensions [8] , [12] , Cabello exhibits what we here call a generalized KS set in . Hence, generalized KS sets exist even in two dimensions and have turned out to be useful for scenarios where regular KS sets do not apply (recall that there are no KS sets in ).
III. ZERO-ERROR CHANNEL CAPACITY
In this section, we explain the concepts of classical and entanglement-assisted zero-error capacity of a channel. In what follows, every graph is unweighted, undirected, and without self-loops.
A classical channel with input set and output set is specified by a conditional probability distribution , the probability to produce output upon input . Two inputs are confusable if there exists such that and . We then define the confusability graph of channel , , as the graph with vertex set and edge set . The one-shot zero-error capacity of , , is the size of a largest set of nonconfusable inputs. This is just the independence number of the confusability graph. In the entanglement-assisted setting, the sender (Alice) and receiver (Bob) share an entangled state and can perform local quantum measurements on their part of .
Let us now describe the general form of an entanglement-assisted protocol used by Alice to send one out of messages to Bob with a single use of the classical channel (see also [14] ). For each message , Alice has a POVM with outputs. To send message , she measures her subsystem using and sends through the channel the observed . Bob receives some with . If the right condition holds (as we will explain below), Bob can recover with certainty using a projective measurement on his subsystem.
We now state the necessary and sufficient condition for the success of the protocol. If Alice gets outcome upon measuring , Bob's part of the entangled state collapses to . Given channel's output , Bob can recover if and only if (1) Bob can recover the message with a projective measurement on the mutually orthogonal supports of for all messages . In such a case, we say that assisted by the entangled state , Alice can use the POVMs as her strategy for sending one out of messages with a single use of .
Definition 5:
The entanglement-assisted one-shot zero-error channel capacity of , , is the maximum integer such that there exists a protocol for which condition (1) holds.
Considering more than a single use of the channel, one can define the asymptotic zero-error channel capacity and the asymptotic entanglement-assisted zero-error channel capacity by and . Later in the paper, we directly deal only with one-shot capacities.
Since depends solely on the confusability graph [14] , we can talk about for a graph , meaning the entanglement-assisted one-shot zero-error capacity of a channel with confusability graph . Similarly, we can talk about quantities , , and .
A. Relationship With KS Sets
As shown in [14] , every weak KS set can be used to construct a graph for which . Following the line of argument of [14] , we now prove that also projective KS sets can be used for this purpose (see Theorem 7) as well as a weak converse of this statement (see Theorem 8) .
Let , where is the standard basis of . We start by proving the following technical lemma.
Lemma 6: Let be a graph whose vertex set can be partitioned into cliques , not necessarily of the same size. Assume that there is an assignment of a projector to each vertex such that: 1) for all edges , we have ; 2) for all , we have . Then, . Proof: We design a strategy for Alice and Bob to send one out of messages over a channel with confusability graph . Let Alice and Bob share the maximally entangled state defined previously. To send message , Alice measures her part of using the projective measurement given by the projectors assigned to and sends the outcome through the channel. For all , , we have that either if or if . Since the projectors assigned to adjacent (confusable) vertices are orthogonal, the Condition (1) holds. Hence, the aforementioned strategy is valid and . We relate every multiset of projectors to a graph. The orthogonality graph of is the graph with vertex set and edge set . Let us denote by the multiset union. We are now ready to prove the following.
Theorem 7 (Projective KS ): Let be a projective KS set. Let be all the subsets of such that . Then, the orthogonality graph of the multiset satisfies . Proof: Observe that every is a projective measurement, so the vertices of can be partitioned in cliques . Let be a maximal independent set in . Suppose toward a contradiction that , i.e., is a multiset of projectors containing exactly one element per clique. From maximality of , we have that if is part of measurements, then contains copies of . Define a marking function for as It is a marking function for because are all the projective measurements in and selects exactly one element from each . Moreover, does not mark any pair of orthogonal elements because is an independent set and is an orthogonality graph. The existence of contradicts the assumption that is a projective KS set. Therefore,
. To see that , partition the vertices of into cliques and use Lemma 6. The following theorem provides a weak converse of Theorem 7. It relates a particular class of classical channels to projective KS sets, namely the channels for which Alice can send one out of messages using projective measurements on as her strategy. To the best of our knowledge, it is an open question whether projective measurements and maximally entangled state are always sufficient to achieve . 
, we obtain that . Similarly, from 2) and the fact that for all distinct , we get that is an independent set. We remark that Theorems 7 and 8 also follow from Theorem 20 in Appendix B, by using a reduction from one-shot zero-error channel capacity to pseudo-telepathy games given in [14] . However, the direct approach taken in the aforementioned proofs more clearly shows the relationship between orthogonality graphs of projective KS sets and graphs having .
IV. CHROMATIC NUMBER
In this section, we illustrate the concept of quantum chromatic number of a graph [15] and state some of its properties. Then, we prove that projective KS sets completely characterize the class of graphs for which this parameter is strictly larger than the chromatic number.
A proper -coloring of a graph is an assignment of colors to the vertices of the graph such that every two adjacent vertices have different colors. The chromatic number of a graph , denoted by , is the minimum number of colors such that there exists a proper -coloring of .
Define the coloring game for as follows. Two players, Alice and Bob, claim that they have a proper -coloring for . A referee wants to test this claim with a one-round game, so he forbids communication between the players and separately asks Alice the color for the vertex and Bob the color for the vertex . The players win the game if the following holds:
. A classical strategy consists of two deterministic functions for Alice and for Bob. To win with probability one, we must have (to satisfy the first condition) and must be a valid -coloring of the graph (to satisfy the second and third conditions). Therefore, classical players cannot win the game with probability one using fewer than colors.
A quantum strategy for the coloring game uses an entangled state and two families of POVMs: for all , Alice has a POVM and Bob has a POVM . Upon input , Alice measures her part of with and responds with the obtained outcome . Bob acts similarly and outputs . The requirements for the game translate into the following consistency conditions. The players win the coloring game with certainty if and only if
In this case, we call the strategy a winning strategy or a quantum -coloring of . Note that we do not restrict the dimension of the entangled state or the rank of the measurement operators; we only care about the number of measurement operators needed to win the game with certainty.
Definition 9: For all graphs , the quantum chromatic number is the minimum number such that there exists a quantum -coloring of .
Let be the entrywise complex conjugate of . It is known [15] , [31] that there always exists a quantum -coloring in a special form.
Definition 10: A quantum -coloring of is in normal form if:
1) all POVMs are projective measurements with projectors of rank ; 2) the shared state is ; 3) Alice's projectors are related to Bob's as follows: for all , , ; 4) the consistency conditions (2) and (3) can be expressed as the single condition
Theorem 11 ([15] , [31] ): If has a quantum -coloring, then it has a quantum -coloring in normal form.
A. Relationship With KS Sets
We know from [31] that weak KS sets characterize all the graphs with a separation between the chromatic number and the rank-1 quantum chromatic number (i.e., the minimum such that there exists a quantum -coloring of the graph using only rank-1 projectors). We now prove that projective KS sets characterize all the graphs with a separation between the chromatic number and the quantum chromatic number.
Theorem 11 allows us to identify a quantum -coloring with Alice's multiset of projectors, denoted as . Theorem 12: For all graphs , we have that if and only if for all quantum -colorings in normal form, is a projective KS set.
Proof:
Let and let be the union of Alice's projectors in a quantum -coloring in normal form. We now show that if is not a projective KS set, then we can properly -color the graph, contradicting the assumption that . If is not a projective KS set, then there exists a marking function such that for all orthogonal , we have or . We can use the function to -color the graph as follows:
This is a proper -coloring for the following two reasons. First, the quantum coloring associates each vertex with a projective measurement, and since is a marking function, exactly one projector per measurement is mapped to 1. Second, the property of and the consistency condition (4) ensure that we never color adjacent vertices with the same color.
Let and assume that for all quantum -colorings in normal form, the union of Alice's projectors is a projective KS set. Now suppose, toward a contradiction, that it is possible to classically -color the graph. Then, for each with classical color , define the projective measurement (where the addition is modulo ). It is easy to see that this is a valid quantum -coloring, and the union of its vectors consists of one projective measurement only. Thus, it is not a projective KS set, because you can define a function that maps to 1 and all other projectors to 0. This contradicts the assumption that the union of Alice's projectors is a projective KS set.
As in Section III-A, we remark that Theorem 12 also follows from Theorem 20 in Appendix B. However, we again prefer the direct approach to underline the structural relationship between graphs with and orthogonality graphs of projective KS sets.
V. RELATIONSHIP BETWEEN CHROMATIC NUMBER AND ZERO-ERROR CHANNEL CAPACITY
Here, we use the relationships described in the previous sections to show that every graph with a separation between quantum and classical chromatic number can be used to construct a channel with separation between entanglement-assisted and classical one-shot zero-error capacity. Moreover, using this fact, we find a new class of channels with large separation between the one-shot zero-error capacities.
For any two graphs and , we can define their Cartesian product as follows. The vertex set of is . Two vertices and are adjacent if either and or and . The main result of this section needs the following lemmas. Lemma 13 [34] : For all graphs , , the independence number of their Cartesian product satisfies Lemma 14: Let be a graph on vertices with . Then, . Proof: The vertex set of can be partitioned into disjoint cliques of size . Toward a contradiction, suppose . Then, an independent set of size must contain exactly one vertex from each clique in the partition. We can get a -coloring for , as follows: if belongs to the independent set, color with the th color. This is a proper coloring because, by definition of the Cartesian product of graphs, for all , we have , and hence, and will not both get color . This contradicts the assumption that . , as desired. The second bound follows directly from Lemma 13. Note that the second upper bound of Theorem 16 is very interesting in the case . This happens only when there is a separation between quantum and classical chromatic number, because for the chromatic number, we have . Therefore, as we show in Section VI, some graphs with a large separation between quantum and classical chromatic number induce graphs with large separation between entanglement-assisted and classical one-shot zero-error capacity.
A. Hadamard Graphs
In this section, we apply the observations made above. Specifically, we isolate a new family of graphs for which the one-shot zero-error entanglement-assisted capacity is exponentially larger than its classical counterpart. Each member of this family is a Cartesian product of a Hadamard graph with a complete graph. Chromatic number and quantum chromatic number are known to be different for Hadamard graphs with a sufficiently large number of vertices [1] , [16] , [21] . Graphs with such a separation are important in the attempt to quantify the information-theoretic gain permitted by the use of shared entanglement. Results in this respect have been reported in [3] and [25] . Additionally, despite graphs with a separation seems to be rare, examples and potential characterizations are valuable. These could provide a clearer picture on the complexity of other related parameters in algebraic graph theory, like, for example, vector colorings, rank bounds, etc.
The Hadamard graph is a graph with vertex set and edge set . Hadamard graphs are also known in literature as orthogonality graphs and Deutsch-Jozsa graphs.
Theorem 17: For all that are divisible by 4, there exists such that Proof: It is shown in [1] that for all . Since , using Lemma 15, we conclude that . On the other hand from Theorem 1.11 in [19] , it follows that for all divisible by 4, there exists such that . Hence, by Lemma 13, we have that . By putting the two observations together, we obtain the desired statement.
To conclude, we give an example that also for small we can find a large ratio . The following properties are proven in [1] and [16] . 1) 2) 3) . Take a channel with confusability graph . It follows from Theorem 16 that , while .
VI. CONCLUSIONS AND OPEN QUESTIONS
We formally generalized the concept of KS sets and showed their applications in various nonlocality settings. In particular, we showed that projective KS sets lead to classical channels for which a single use aided by entanglement can transfer more information than a single use without entanglement assistance. We have also shown that projective KS sets completely characterize the graphs for which the quantum chromatic number is strictly smaller than the chromatic number.
Furthermore, we used projective KS sets to relate quantum chromatic number to entanglement-assisted one-shot zero-error capacity. For all channels obtained with our construction, the Lovász theta function is equal to the entanglement-assisted zero-error capacity. Hence, although our construction contributes to shed light on the link between the Lovász theta function and entanglement-assisted capacities, it cannot be directly used to resolve whether or not the entanglement-assisted zero-error capacity equals the Lovász theta function [17] .
As an example application of the above discussed construction, we exhibited a new class of graphs with an exponential separation between entanglement-assisted and classical one-shot zero-error capacities. In Appendix A, we have shown that projective KS sets are in one-to-one correspondence with a class of pseudo-telepathy games that quantum players can win using projective measurements on maximally entangled state.
A 
APPENDIX B PROJECTIVE KS SETS AND PSEUDOTELEPATHY GAMES
This appendix generalizes the results of [29] concerning the relationship between weak KS sets and a class of pseudo-telepathy games. We show that there is a relationship between projective KS sets and a (larger) class of pseudo-telepathy games.
In what follows, we give the canonical definition of nonlocal games. A nonlocal game is an experimental setup between a referee and two players, Alice and Bob. (It can also be defined with more players, but we do not consider this case here.) The game is not adversarial, but the players collaborate with each other. They are allowed to arrange a strategy beforehand, but they are not allowed to communicate during the game. The referee sends Alice an input and sends Bob an input , according to a fixed and known probability distribution on . Alice and Bob answer with and , respectively, and the referee declares the outcome of the game according to a verification function . So, the nonlocal game is completely specified by the sets , , , , a distribution , and a verification function . A deterministic classical strategy is a pair of functions and for Alice and Bob, respectively. A quantum strategy consists of a shared bipartite entangled state and POVMs , for every for Alice and , for every for Bob. On input , Alice uses the POVM to measure her part of the entangled state and Bob does similarly on his input . Alice (resp. Bob) answers with (resp. ) corresponding to the obtained measurement outcome. Therefore, the probability to output , given , is . Informally, a nonlocal game is called a pseudo-telepathy game if players sharing the entangled state win with certainty, while classical players have nonzero probability to lose. More formally, we have the following.
Definition 19 (Pseudo-telepathy Game): A nonlocal game with input sets , , output sets , , input distribution , and verification function is called a pseudo-telepathy game if:
1) there exists a quantum strategy such that for any with , it holds that implies ; 2) for all deterministic classical strategies , , there exists a tuple with such that but and . The following theorem relates projective KS sets and a special kind of pseudo-telepathy games. We will only consider KS sets for which each projector is part of some projective measurement from . Note that any KS set contains a KS set that satisfies this property. Therefore, projectors not contained in any measurement from are inessential. Let be the entrywise complex conjugate of . For short, we say that the set together with is a quantum strategy for a nonlocal game if , , and are a quantum strategy for . We call a strategy optimal if players never lose. Let , where is the standard basis of . Theorem 20: Let be a set of projectors such that every is contained in some measurement . Then, is a projective KS set if and only if there exists a pseudotelepathy game for which together with is an optimal quantum strategy.
Proof: Assume is a projective KS set. Let be the set of all projective measurements contained in (i.e., each is a set of projectors that sum to identity). Consider a nonlocal game where , , , is the uniform distribution, and the verification function is defined by By definition, this game has a optimal quantum strategy in which Alice and Bob measure their part of using projective measurements and , respectively, upon receiving inputs . Toward a contradiction, suppose there is an optimal classical strategy . Note that by definition of . Let us now construct a marking function for from By definition of , we see that Alice has to pick a unique element from each projective measurement in a consistent way. More precisely, whenever for some , the element picked from also has to be . Hence, indeed is a valid marking function for . As is a projective KS set, there exist distinct , such that and . Then, and but , since . Hence, classical players cannot have a optimal strategy and the desired statement follows.
Assume is a pseudo-telepathy game and together with is a winning quantum strategy. Every marking function for can be mapped to a classical strategy in the following way:
Since is a pseudo-telepathy game, for every , there exists a tuple such that and (and therefore ), but . Since quantum players always win, we have and this implies by the properties of . Therefore, for any marking function for , we can find orthogonal projectors such that . Hence, is a projective KS set.
